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dynamic pressure); 2) introducing damping into the ballast
system (at least up to the point of critical damping for the
ballast mounted on a stationary platform) produces the phase
lag sooner in the flight than if there were no internal damping
and therefore promotes earlier divergence of the oscillations;
and 3) aerodynamic damping delays the onset of divergence.

The analysis is presented more completely, and results ob-
tained are discussed more fully in Ref. 1.

Reference
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DANBY3 studied the linear stability of the triangular points
numerically using Floquet theory. He presented transi-

tion curves that separate the stable from the unstable orbits in
the fj,-e plane (JJL is the ratio of the smaller primary to the sum
of the masses of the two primaries, and e is the eccentricity of
the primaries' orbit). These curves intersect the ju axis at jua
and juo, where ju0 = 0.03852 is the limiting value of /z for stable
orbits in the circular case, and /z0 = 0.02859 is the value of JJL
such that one of the periods of motion about the triangular
points is exactly twice the period of the orbit of the primaries
in the circular case.

Bennett2 obtained a first-order complicated analytical ex-
pression for the transition curves JJLQ using an analytical tech-
nique for determination of characteristic exponents. Alfriend
and Rand1 obtained second-order analytical expressions for the
transition curves at \ia and JLIO using the method of multiple
scales.5"7 Nayfeh and Kamel8 determined fourth-order
analytical expressions for the transition carves using a pertur-
bation technique.

In this Note, we obtain a second-order analytical expression
for the characteristic exponents and the transition curves using
Floquet theory9 and a perturbation technique used by Whit-
taker10 in the treatment of Mathieu equation. We use the
same formulation of Refs. 1 and 8.

The first variational equation about the triangular points
can be transformed into

x" - 2y' - ghzx = 0

y" + 2x' - ghiy = 0
(1)

(2)

where primes denote differentiation with respect to the true
anomaly/ of the smaller body,

fci,2 = f{l ± [1 -3M(1 -M)11/2} (3)

g(e,f) = ( 1 + 6 cos/)'1 (4)

It is known from Floquet theory9 that x and y have solutions
of the form

*,y = e7/[0(/)^(/)l (5)

where 0 and if/ are periodic with periods of 2ir or 4?r. More-
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over, the transition curves that separate the stable from un-
stable domains in the jj,-e plane correspond to 7 = 0. In the
interval 0 < ju < jua, where jua is the critical value above which
the triangular points are unstable in the case e = 0, the period
2-7T corresponds to /z = 0 whereas 4?r corresponds to /z0 =
0.02589. Therefore, there are transition curves that inter-
sect the IJL axis at //, = 0 and ju0. In the former case, the transi-
tion curve is the e axis. In this note, we determine the charac-
teristic exponents near ju0 and then deduce the transition
curves.

We seek expansions for $, \f/, 7, and ju of the form

0 == 00 ~l 601 ~T~ 6 02 ~~{~ • • • (6)

I/' == '/'O ~f" 61/^1 ~f" 62T/'3 ~{~ . . . (7")

T = eTl + 62T2 + _ m (8)

M = Mo + e/i! + e2M2 + . - - (9)

Substituting Eq. (9) into Eq. (3), and expanding for small ey
we get

XI = a» + + . . .

where

o0 = {1 + [1 - 3MO(1 - Mo)F2}

{l - [1 - 3Mo(l -

-01 = (9/4ic)(l - 2

62 = -o2 =

K = [1 - SMO(I - Mo)]1'2

(10)

(11)

(12)
(13)

(14)

(15)
(16)

On substitution of Eqs. (5-11) into Eqs. (1) and (2), expansion
for small e, and equating the coefficients of e°, e, and e2 to zero,
we obtain

order e°

order e

= 0

+ 200' - ooifo = 0

= -27K/X)'
+

order e2

(17)
(18)

cos/ (19)

o cos/ (20)

cos2/ - (&i</>o + 60*1) cos/ (21)

= -272(^0' + 0o) -

•= -27^0' -
27i<£o +

a0^o cos2/ — (ai^o + «o^i) cos/ (22)

The solution of Eqs. (17) and (18) is

0o = A COST + B sinr (23)

^o = oiB COST — aA sinr (24)

where

T = f / 2 , a = (60 + 1/4) + (oo + 1/4) -1 (25)
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This solution determines the right-hand sides of Eqs. (19) and
(20). Thus,

0i " — 2\//i' — 60<£i = PH COST + Qn sinr —
^boA cos3r - %b0B sinSr (26)

W + 2<£i ' — a,Q\l/i = Pi2 COST + Qn sinr —

of juo, &i, and 71; that is,

cos3r sinSr (27)

where

- V2)A (28a)

Pi2 = 7i(« - 2)A + a(ai - a»/2)B (28b)

Qn = — 7i(2a — 1)A + (61 + bo/2)B (28c\

Q12 = 7l(a - 2)B - a(ai + a0/2)A (28d)

Since 0 and \[/ are periodic, the secular terms in the particular
solution for 0i and \pi must vanish. The conditions which
must be satisfied for there to be no secular terms are

Then, the solution of Eqs. (26) and (27) is

0! = RA cos3r + RB sin3r (30)

^i = — aPi2 COST — aQn sinr + SB cosSr — SA sin3r (31)

where

(32)
= [3&0 )l/6

Substituting for the P's and Q's from Eq. (28) into (29), and
rearranging, we get

[61 - 60/2 + «2(a! + a0/2)]A - 71 X
(1 - 4a + a2)£ - 0 (33)

71 (1 - 4a + a2) A + fa + 60/2 +
a2(at - a0/2)]£ - 0 (34)

For a nontrivial solution,

a0/2)][6i + V2

7i
ao/2)]

(1 - 4a + a2)2 (35)

Substituting for the zeroth- and first-order solutions into
Eqs. (21) and (22) gives

02 " — 2 ̂ 2' — 60 02 = P21 COST + Q21 SUIT +

nonsecular producing terms (36)

\l/2" + 202' — aQ\l/z = Pw COST + Q22 sinr +
nonsecular producing terms (37)

where the P's and Q's are given in the appendix. For there
to be no secular terms in 02 and i/%

P2i = (38)

Substituting for the P's and Q's from the appendix and re-
arranging, we obtain

(62 - £i)A - T]B = 0, r]A + (62 - £2)5 = 0 (39)

where

TJ = [(1 -

a3(46!2 + a0
2) + 7i2 X

(1 - 4a + 5«2 - o:3)}/4(l - a2) (40)
2)72 - 2(2 - aOe*27i&i 1/2(1 - a2) (41)

Since A/J5 is known from either Eq. (33) or Eq. (34), Eqs. (39)
allow the determination of 62 and 77, and hence 72 as functions

97 -
- gi)/(A2 + 52) (42)

To second approximation the transition curves are given by
7i = 72 = 0. With 7! = 0, Eq. (35) yields the following two
values for bi

= ±(60 - «2a0)/2(l - a2) (43)

Equations (33) and (34) show that the positive sign in Eq. (43)
corresponds to B = 0 while the negative sign corresponds to A
= 0. Substituting into Eq. (42) either bi with the positive
sign and B = 0 or 61 with the negative sign with A = 0 gives

= {2(2a8a0 - 1 - a8

2(bGR + aaQS)
- 2(60

a0
2)/4(l - a:2)} (44)

Evaluating Eqs. (43) and (44) at /* - MO = 0.02589 gives ^i =
±0.05641 and ju2 = 0.01504, and hence the transition curves
are given by

= 0.02589 ± 0.05641e + 0.0150462 + (45)

This expression for the transition curves in full agreement
with those of Refs. 1 and 8.

Appendix A

P21 = [4&2 - 26i + 2&0 - 2RbQ - 7i2(l - 4a + 2a2)] X
(A/4) -1- [T2(2a - 1) - 7i2(2«i - a0)](5/2) (Al)

621 = [72(1 - 2a) + 7i2«2(2ai + a0)]U/2) +
[462 + 26i + 2&0 - 2^60 -

Tl
2(l -4a + 2a2)](£/4) (A2)

P22 = [72(0; — 2) —
(A/2) + [2a(2

(a — l)ai] X
OQ) - a:2(2ai - a0)2 -
X 7i2«(« - 2)1(5/4) (A3)

a,
2a0S -

+ a0) + a\2
- 3)] (A/4)

(A4)
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